We prove that a non-empty set L of at most q 5 + q 4 + q 3 + q 2 + q + 1 lines of PG(n, q) with the properties that (1) every point of PG(n, q) is incident with either 0 or q + 1 elements of L, (2) every plane of PG(n, q) is incident with either 0, 1 or q + 1 elements of L, (3) every solid of PG(n, q) is incident with either 0, 1, q + 1 or 2q + 1 elements of L, and (4) every 4-dimensional subspace of PG(n, q) is incident with at most q 3 − q 2 + 4q elements of L, is necessarily the set of lines of a split Cayley hexagon H(q) naturally embedded in PG(6, q).
Introduction
The characterization of embeddings of geometries in other geometries is a traditional topic of finite geometry. It is quite common to find particular structures embedded in disguise. Alternative descriptions of these objects make it easier to recognize them in different settings.
Embeddings of the split Cayley hexagon H(q) in projective spaces were investigated intensively in recent decades. Besides the standard embedding of H(q) in PG (6, q) , and in PG(5, q) for q even, (both introduced in [1] ) many alternative descriptions of H(q) are known. For example, there exists a description of H(q) embedded in PG(3, q) (see [2, Theorem 1.1], first described in [3] in the construction following Theorem A.7), and a description of an embedding in H(3, q 2 ) (see [2, Theorem 1.2] ). It is a typical method to characterize an object in a finite projective space by its intersection numbers with the subspaces of a projective space. Popular or recent examples are quadrics (see [4, ch. 22 .10 and ch. 22.11]), polar spaces in general (see [5] ), Veroneseans (see [6] ), Hermitian Veroneseans (see [7] ), and Segre Varieties (see [8] ).
Several descriptions of the standard embedding of the split Cayley hexagon by intersection numbers are known. The author is aware of a characterization of the line set of the natural symplectic embedding of the split Cayley hexagon in PG(5, q), q even (see [9] ), a characterization of the line set of the standard embedding of the split Cayley hexagon in the parabolic quadric Q(6, q) (see [10, Theorem 1.1] ), and the inspiration for this work: a characterization of the standard embedding of the line set of the split Cayley hexagon in the projective space PG(6, q) (see [11] ).
The specific motivation for characterizing the standard embedding of the split Cayley hexagon by intersection numbers of lines is stated in length in [11] . Recent research in locally d-dimensional embeddings motivates a characterization with respect to the line set further, since there Grassmann embeddings are investigated and, hence, intersection properties of lines are of particular importance (see [12] ).
Before we discuss the specific details and definitions in Section 3, we will present the main results and their differences to [11] .
The Main Results
Let L be a non-empty line set of PG(n, q). Consider the following properties:
(Pt) Every point of PG(n, q) is incident with either 0 or q + 1 elements of L.
(Pl) Every plane of PG(n, q) is incident with either 0, 1 or q + 1 elements of L.
(Sd) Every solid of PG(n, q) is incident with either 0, 1, q + 1 or 2q + 1 elements of L.
(4d) Every 4-dimensional subspace of PG(n, q) contains at most
This is the main result: As we will see (4d) can be replaced by (Hp') Every 5-dimensional subspace of PG(n, q) is incident with at most
This is a significant improvement of the main result of [11] for q > 2: there the number of lines in a hyperplane is limited by (Hp) Every 5-dimensional subspace of PG(n, q) is incident with at most q 3 + 3q 2 + 3q elements of L.
Instead of (To) the main result of [11] requires exactly q 5 + q 4 + q 3 + q 2 + q + 1 lines in L. Furthermore, the main result of [11] requires n = 6. The main result of [11] is stronger in the sense that we can not replace condition (Sd) by (Sd') Every solid of PG(n, q) is incident with at most 2q + 1 elements of L, since in contrast to [11] we consider solids without meeting lines of L in the proof (if a solid S of L contains two meeting lines of L and L satisfies (Pt), (Pl), and (Sd'), then S contains 0, 1, q + 1 or 2q + 1 lines of L). 
Definitions, Notation and Terminology
According to [13, ch. 1] a geometry (of rank 2) is a triple Γ = (P, L, I), where the point set P and the line set L are disjoint non-empty sets, and I ⊆ P × L is a symmetric relation (named incidence relation). If two points P, Q ∈ P are incident with a common line ℓ of Γ, then P Q := ℓ.
An m-gon of L is a set {P 1 , . . . , P m } of m pairwise distinct points such that P i P i+1 ∈ L for i = 1, 2, . . . , m (with P m+1 := P 1 ), and P i P i+1 = P j P j+1 for i = j and j = 1, 2, . . . , m. In this paper we will abuse the notation of sets in the case of m-gons by always ordering the vertices according to their adjacency as in the previous sentence, so for example if {A, B, C, D} is a quadrangle, then AB, BC, CD, DA ∈ L. The geometry Γ is called a generalized m-gon if it satisfies the following two axioms:
1. Γ contains no k-gon for 2 ≤ k < m.
For any two elements
If every line of L is incident with exactly s + 1 points of P and every point of P is incident with
Consider the projective space PG(n, q). An embedding of a geometry Γ = (P, L, I) in PG(n, q) is an injective map of P in the point set of PG(n, q) inducing an injective map from L into the line set of PG(n, q). An embedding is a flat embedding if all lines of L on a given point P ∈ P are coplanar in PG(n, q). An embedding is a full embedding if Γ has order (q, t). Flat and full embeddings of generalized hexagons in PG(n, q) were partially classified by Thas and Van Maldeghem in [14] .
The split Cayley hexagon H(q) can be defined by its natural embedding in PG(6, q) in the following way (see [1] or [13, p. 73] ): The point set of H(q) is the point set of the parabolic quadric Q(6, q) in PG(6, q) with P = (x 0 , x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ) ∈ Q(6, q) if and only if
The lines of H(q) are the lines of Q(6, q) whose Grassmann coordinates (p 01 , . . . , p 65 ) satisfy the equations p 12 = p 34 , p 54 = p 32 , p 20 = p 35 , p 65 = p 30 , p 01 = p 36 , and p 46 = p 31 . The natural embedding for H(q) in PG(6, q) is an example of a flat and full embedding. By (ii) of the main result of [14] , up to projectivity, the natural embedding of H(q) is the only flatly and fully embedded thick generalized hexagon of order (q, q) in PG(n, q) such that the point set of the generalized hexagon spans PG(6, q).
At some point in the proof we need a basic property of strongly regular graphs Γ with parameters (v, k, λ, µ) (see [15] for details): If Γ does not have the parameters (4µ + 1, 2µ, µ − 1, µ), then the eigenvalues
are integers. Let L be a set of lines in PG(n, q) and U a subspace of PG(n, q). Define
Let P be a point, E a plane and S a solid of PG(n, q). We call
•
By (Pt) every point in P lies on q + 1 lines of L, and every line of L contains q + 1 points of P. Hence |P| = |L|. For P ∈ P the subspace π := L P will be denoted by π P . 4 The standard embedding of H(q) in PG(6, q) satisfies (Pt), (Pl), (Sd), (4d), and (To)
Thas and Van Maldeghem show in [11] that the standard embedding of H(q) in PG(6, q) satisfies (Pt), (Pl), (Sd), (Hp), and (To). Since (Hp) implies (Hp'), it only has to be proven that the standard embedding satisfies (4d).
Lemma 4.1. The standard embedding of H(q) in PG(6, q) satisfies (4d).
Proof. We have to show |L U | ≤ q 3 − q 2 + 4q for every 4-dimensional subspace U of PG(6, q), and L the line set of the standard embedding of H(q) in PG(6, q). According to [4, p. 42 ] the subspace U can meet Q(6, q) in four different ways:
1. U ∩ Q(6, q) = Q(4, q): In the standard embedding of H(q) all (at least 3) lines on a point are coplanar. A plane of Q(4, q) is totally isotropic if it contains at least 3 totally isotropic lines. The quadric Q(4, q) contains no totally isotropic planes, hence every point of Q(4, q) is incident with at most one line of L U . We have |Q(4, q)| = (q 4 − 1)/(q − 1) and every line of L U contains q + 1 points of Q(4, q). So there are at most
The only totally isotropic lines in U ∩ Q(6, q) are the lines on P . From |Q − (3, q)| = q 2 + 1 it follows that there are exactly q 2 + 1 lines on P . Now
yields the result.
3. U ∩Q(6, q) = P Q + (3, q): There are 2(q+1) totally isotropic planes in P Q + (3, q), which meet in P . If one of those planes contains q + 1 lines of L U , at least one of those lines contains P . Of course there are at most q + 1 such lines and all such lines are coplanar. All those at most q + 1 lines are in at most one additional (q + 1)-U -plane, since a point in Q + (3, q) is incident with exactly two generators of Q + (3, q), hence
4. U ∩Q(6, q) = ℓQ(2, q): There are at most q+1 totally isotropic planes in ℓQ(2, q). Every plane in ℓQ(2, q) contains at most q + 1 lines of L U . As an upper bound follows
Proof of Theorem 2.1
In this section L denotes a line set of PG(n, q) satisfying (Pt), (Pl), (Sd), and (To). Also P denotes the set of points of PG(n, q) that are contained in q + 1 lines of L. The following two lemmas are proven in [11] . Note that the proofs given in [11] only use (Pt), (Pl), and (Sd) as stated in Section 2. In particular, they do not rely on n = 6:
Lemma 5.1 ([11, Lemma 1]). Let P be a point of P. The q + 1 lines in L P are coplanar.
Hence, π P = L P is a plane.
Lemma 5.2. The line set L contains no 3-or 4-gons.
Proof. The first two paragraphs of the proof of Lemma 5 in [11] prove the statement.
Our goal is to show that L is a generalized hexagon, hence we have to show that L contains no pentagon. So we assume for the rest of this section that L contains a pentagon and investigate its properties. 
Proof. The line set L contains no 3-gons or 4-gons. So we have
and equivalent statements for other points of F . As AB, BC, CD, DE, and EA lie in two of the sets, |L U | ≥ 5(q − 1) + 5 = 5q. Now |L U | ≥ 5q, hence by (Sd) dim(U ) ≥ 4. The subspace U is the span of 5 points, hence dim(U ) ≤ 4.
Proposition 5.4. The only (q + 1)-U -points on EB are B and E.
Proof. Suppose that there exists a (q + 1)-U -point P ∈ BE with P = B, E. Then the (q + 1)-U -plane π P on P meets the plane C, D, E in a point Q.
Here D / ∈ P Q, since otherwise {A, P, D, E} would be a quadrangle, and C / ∈ P Q, since otherwise {A, P, C, B} would be a quadrangle. Thus P Q is not contained in C, D, E or B, C, D . Proof.
Consider a pair (ℓ, ℓ ′ ) ∈ S and the associated solid S = ℓ, ℓ ′ . Notice that ℓ ∩ ℓ ′ = ∅, since there do not exist quadrangles. By (Sd), the solid S contain q + 1 or 2q + 1 lines of L U .
Suppose that S contains a line s ∈ P ∈F L P with s = ℓ and s = ℓ ′ . W.l.o.g. we have the following three cases:
If π E ⊆ S, then A ∈ S. Hence π B ⊆ A, ℓ ⊆ S. Thus U = π B , π E ⊆ S. This is a contradiction to Lemma 5.3. Hence, such a line s does not exist. Hence, . We want to show that
The solids S 1 and S 2 contain no line of L A by (5.6), so π A S 1 ∩ S 2 . In particular s / ∈ L A . Hence P is contained in a line t of L A with t = s. Thus s, t ∈ L P , and P is a (q + 1)-U -point. This is a contradiction to Proposition 5.4. Hence such a line s does not exist. Hence together with (5.6) and |S| = q 2 − 1, U contains at least
Proof of Theorem 2.1. If L contains a pentagon, hence (AS) is true, then L does contain a subspace U with at least q 3 − q 2 + 4q + 1 lines of L by Proposition 5.5. Hence, if L also satisfies (4d), then L contains no pentagon. In this case (as in [11] ) a standard counting argument shows that L is the line set of a generalized hexagon of order q flatly and fully embedded in PG(n, q). Thus (ii) of the main result of [14] implies that L is isomorphic to the line set of the standard embedding of H(q) in PG(6, q). Now let L be a line set that satisfies (Pt), (Pl), (Sd), and (To), but not necessarily (4d). In this section we want to show that (4d) is implied by (Hp') to compare (4d) to condition (Hp) of [11] . For this we will show that a pentagon in L implies approximately q 4 lines of L in a hyperplane of PG(n, q).
Proof. (a) The point ℓ ∩ s is a (q + 1)-point P and π P ∩ M = s.
(b) Each of the planes ℓ M , s and s, ℓ contains two lines of L, hence they are both (q + 1)-planes by (Pl). By (Sd) the 2q + 1 line of
Hence,
By definition, |S 2 | = qα, and
As α ≤ q we find
. Lemma 6.4. Let U be a 4-dimensional subspace of PG(n, q) which contains a pentagon.
(a) If P is a (q + 1)-U -point and V is a vertex of a 5-gon contained in U such that P = V and P V ∈ L, then there exists a pentagon of U containing P and V .
(b) Every (q + 1)-U -point P is the vertex of a 5-gon of U .
(c) Suppose P , Q, R are (q + 1)-U -points with P = Q, R and Q, R ∈ π P . Suppose furthermore that R = Q or R / ∈ P Q. Then there exists a pentagon of U such that P , Q, R are vertices of it.
Proof. (a) Let {V, W, X, Y, Z} be the vertices of a pentagon of U . The assertion is trivial if P = Z, so suppose that P = Z. The plane π P shares a point Q with π Y . As V , P , Q, Y , Z are non-collinear, then {V, P, Q, Y, Z} is a pentagon, since L does not contain 3-gons or 4-gons.
(b) The planes π P and π A share a point Q. By (a), the point Q lies in a pentagon of U , and thus, again by (a), P lies in a pentagon of U .
(c) In view of (b) we may assume that P = A and in view of (a) we may assume that Q = B. If R = Q, the statement is trivial. Otherwise, consider a common point T of π R and π C . As P , Q, C are non-collinear, then {P, Q, C, T, R} is a pentagon.
Let M be a 4-dimensional subspace of PG(n, q). Proof. In the first case of Proposition 6.7 there exists a line s ∈ L U with at most one (q + 1)-U -point. Hence α ≤ 1 in Proposition 6.3. Thus by Proposition 5.5
In the second case of Proposition 6.7 q = 2, and there exists a line s ∈ L U with at most two (q + 1)-U -points and |L U | ≥ 15. Hence α ≤ 2 in Proposition 6.3 yields
Proof of Theorem 2.2. By Proposition 6.8 the existence of a pentagon in L implies the existence of a hyperplane that does not satisfy (Hp'). Thus (ii) of the main result of [14] implies that L is isomorphic to the line set of the standard embedding of H(q) in PG (6, q) . This completes the proof of Theorem 2.2.
Finally, we want to mention the following observation. Proof. If L contains no 5-gon, then L is the line set of a standard embedding of the split Cayley hexagon by the main result of [14] . Hence consider the remaining case that L contains a 5-gon. Suppose that L is not contained in a 6-dimensional subspace. If L is connected, applying Proposition 6.3 twice with α = q contradicts (To). More precisely, let U be a 4-dimensional subspace with a pentagon, V a 5-dimensional subspace with U ⊆ V , and W a 6-dimensional subspace with V ⊆ W . If L is not connected, let L 1 be a connected component of L and
If dim( L 1 ) ≥ 7, then the previous calculation is applicable. If dim( L 1 ) < 7, then L 2 L 1 . So we find a line ℓ in L 2 such that ℓ meets L 1 in a point or dim( L 1 ∩ L 2 ) = 0. In the first case, we can repeat the same calculation as before. In the second case, dim(L 2 ) ≥ 4 by Lemma 5.3. Hence, we find lines ℓ 1 , ℓ 2 ∈ L 2 such that we can repeat the estimate of Proposition 6.3 with α = q at least two additional times: first for L 1 , P and ℓ 1 , where P is a point of ℓ 1 , and then for L 2 , ℓ 1 and ℓ 2 . Again, this contradicts (To).
